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Based on the mechanism of neutral meson mixing, we predict the branching fraction of the
semileptonic decay of D+s → π
0ℓ+νℓ (ℓ = e, µ) using recently measured branching fraction of
D+s → ηe
+νe by BESIII experiment . We also give a formula that can describe the neutral meson
mixing of π0, η, η′ and a pseudoscalar gluonium G in a unified way. The predicted branching
fraction of D+s → π
0e+νe decay is B(D
+
s → π
0e+νe) = (2.65 ± 0.38) × 10
−5. It is important to
search for the decay D+s → π
0ℓ+νℓ in experiment, in order to understand the mechanism of π
0
production in D+s → π
0 transition in semileptonic decay. We also estimate the branching fraction
of D+s → π
0τ+ντ , which is the only kinematically allowed semi-tauonic decay mode of the charmed
meson, since the mass value of D+s meson is just slightly above the threshold of π
0τ+ generation in
the semi-tauonic decay.
PACS numbers: 13.20.Fc, 14.40.Aq, 14.40.Lb
In principle neutral mesons with hidden flavors can
mix via strong and electromagnetic interactions if these
mesons carry the same quantum numbers, such as spin,
parity and charge conjugation that are exactly conserved
in strong and electromagnetic interactions. For vector
mesons with JPC = 1−−, there are ρ−ω [1–6] and ω−φ
mixing [7–11]. For pseudoscalar mesons of JPC = 0−+,
there are π0− η [1, 12], η− η′ [7, 13–15] and η′-gluonium
mixing [15]. Meson mixing is an interesting phenomenon
that can be used to explain some specific decay processes
of heavy mesons. For example, both ω − φ mixing and
weak annihilation are used as the mechanism that leads
to the semileptonic decay of D+s → ωe
+νe [11]. Due to
the mixing of ω − φ mesons, there is a small component
of ss¯ in the wave function of ω meson, therefore the tran-
sition of D+s → ω can be induced by the ss¯ component
in ω via D+s → (ss¯)ℓ
+νℓ transition. Meanwhile the weak
annihilation mechanism refers to the effect that one ω
meson is preradiated nonperturbatively from the cs¯ sys-
tem in strong interaction, then the cs¯ system annihilates
into e+νe via the charged weak current. The theoreti-
cal analysis of Ref. [11] shows that, if the value of the
branching fraction of D+s → ωe
+νe exceeds 2 × 10
−4,
the nonperturbative weak annihilation effect rather than
ω − φ mixing would be important in the decay.
We consider the semileptonic decay ofD+s → π
0ℓ+νℓ in
this work. Similar to the decay process of D+s → ωe
+νe,
the process D+s → π
0ℓ+ν can only occur via π0 − η mix-
ing and the nonperturbative weak annihilation effects.
For the weak annihilation effect, it occurs by the prera-
diation of a π0 meson from the cs¯ system in D+s meson,
followed by the weak transition of cs¯ → e+νe. How-
ever, compared to D+s → ωe
+νe decay, the weak annihi-
lation effect in D+s → π
0e+νe is doubly suppressed be-
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cause the nonperturbative radiation of π0 is suppressed
by not only the Okubo-Zweig-Iizuka (OZI) rule [16–18],
but also isospin violation. So the weak annihilation effect
in D+s → π
0e+νe decay is relatively small. We can ne-
glect the weak annihilation effect and only consider π0−η
mixing contribution in the following analysis. We also
give the estimation for the order of the branching frac-
tion of D+s → π
0τ+ντ , which is the only semi-tauonic
decay mode of D+s meson and is highly suppressed by its
tiny phase space, since the mass value of D+s meson is
just slightly above the threshold of π0τ+ generation in
the semileptonic decay. We hope that these semileptonic
decays will be searched for in experiment, so that the
decay dynamics can be further investigated.
Now that π0 − η, η − η′ and η′ − G can mix in each
pair, then in principle they can mix in an enlarged unified
way. The mixing between π0, η, η′ and the gluonium G
should be described uniformly. Let us define π0q =
uu¯−dd¯√
2
,
ηq =
uu¯+dd¯√
2
, ηs = ss¯, and G as the pure pseudoscalar
gluonium. The physical mesons of π0, η, η′ and a pseu-
doscalar ηG should be the mixing states of these flavor
bases 

π0
η
η′
ηG

 = V


π0q
ηq
ηs
G

 , (1)
where V is a 4 × 4 unitary matrix that describes the
mixing between the pseudoscalar bases π0q , ηq, ηs and
G. The matrix V is treated as a real matrix here for
simplicity. For the unitarity of the mixing matrix V ,
there should be 6 independent parameters in the 4 × 4
matrix V . Let’s set i = 1, 2, 3, 4 for π0q , ηq, ηs and G,
then the 6 free parameters can be denoted as θ12, θ23, θ34,
θ13, θ14 and θ24, which can be viewed as mixing angles.
About the mixing angles, the following statements should
be given:
21) The mixing angle θ12 is for the mixing between π
0
q
and ηq, which is isospin-violating, therefore the mixing
angle θ12 should be small, here we denote it as θ12 ≡ δ;
2) θ23 is the mixing angle for ηq − ηs, which is denoted
as θ23 ≡ φ;
3) θ34 is the angle for ηs−G mixing, which is denoted
as θ34 ≡ φG;
4) θ13 is the angle for the mixing of π
0
q−ηs. The mixing
between these two states is not only isospin-violating, but
also with larger mass-gap between these two states. So
the mixing angle should be tiny, which can be neglected,
θ13 ∼ 0;
5) θ14 is the mixing angle for π
0
q −G mixing, which is
also isospin-violating and with larger mass-gap between
these two mixing states, so the mixing angle is also tiny
and can be set to θ14 ∼ 0;
6) θ24 is the angle for the mixing of ηq − G. We find
that, if considering θ24 to be very small, then the compo-
nent of G in η will be tiny, which is consistent with the
result of QCD sum rule calculation that the coupling of
the gluonium to η is much smaller than its coupling to η′
[19]. So we can take θ24 ∼ 0 in the following analysis for
simplicity.
Then the nonzero mixing angles considered in our sce-
nario are
θ12 ≡ δ, θ23 ≡ φ, θ34 ≡ φG. (2)
With these three nonzero mixing angles, we can write the
sub-mixing matrices explicitly as
V 1 =


cos δ − sin δ 0 0
sin δ cos δ 0 0
0 0 1 0
0 0 0 1

 (3)
for π0 − ηq mixing,
V 2 =


1 0 0 0
0 cosφ − sinφ 0
0 sinφ cosφ 0
0 0 0 1

 (4)
for ηq − ηs mixing, and
V 3 =


1 0 0 0
0 1 0 0
0 0 cosφG sinφG
0 0 − sinφG cosφG

 (5)
for ηs −G mixing. The total mixing matrix can then be
taken as
V = V3V1V2
=


cos δ − sin δ cosφ sin δ sinφ 0
sin δ cos δ cosφ − cos δ sinφ 0
0 cosφG sinφ cosφG cosφ sinφG
0 − sinφG sinφ − sinφG cosφ cosφG

(6)
Considering that δ should be tiny, so we can make the
approximation: cos δ ∼ 1, sin δ ∼ δ. Then Eq.(6) can be
simplified as
V ≃


1 −δ cosφ δ sinφ 0
δ cosφ − sinφ 0
0 cosφG sinφ cosφG cosφ sinφG
0 − sinφG sinφ − sinφG cosφ cosφG

 (7)
Substituting Eq. (7) into Eq. (1), we can obtain
| π0〉 =| π0q 〉 − δ cosφ | ηq〉+ δ sinφ | ηs〉, (8)
| η〉 = δ | π0q 〉+ cosφ | ηq〉 − sinφ | ηs〉, (9)
| η′〉 = cosφG sinφ | ηq〉+ cosφG cosφ | ηs〉
+sinφG | G〉, (10)
| ηG〉 = − sinφG sinφ | ηq〉 − sinφG cosφ | ηs〉
+cosφG | G〉. (11)
Eq. (8) implies that the physical neutral pion π0 is domi-
nantly π0q which is a component with isospin 1, and there
are small components of ηq and ηs mixed in π
0. Note δ is
a tiny quantity. Eq. (9) indicates that η meson is mainly
ηq and ηs with a small component of π
0
q in it, and the
gluonium component can be neglected. Eq. (10) shows
that η′ is a mixing state of ηq, ηs and the gluonium com-
ponent G. This is consistent with the expression given
in Ref. [15]. Finally the state ηG in Eq. (11) is the or-
thogonal state of η′, which is also mixing state of ηq, ηs
and the gluonium component G. If the mixing angle φG
is small, then ηG is dominantly a gluonium state.
The mixing angle δ can be determined by the ra-
tio of the branching fractions of η′ → π+π−π0 and
η′ → π+π−η decays, where the former is G-parity vi-
olating, which can only occur via π0 − η mixing [20].
The dominant decay mode of η′ is η′ → π+π−η. With
the mixing scheme given in Eqs. (8) and (9), the decay
amplitudes of η′ → π+π−π0 and η′ → π+π−η are
〈π+π−π0 | H | η′〉
= 〈π+π−π0q | H | η
′〉 − δ cosφ〈π+π−ηq | H | η
′〉
+δ sinφ〈π+π−ηs | H | η
′〉, (12)
〈π+π−η | H | η′〉
= δ〈π+π−π0q | H | η
′〉+ cosφ〈π+π−ηq | H | η
′〉
− sinφ〈π+π−ηs | H | η
′〉, (13)
where H is the Hamiltonian that induces the η′ three-
body decays. The matrix element 〈π+π−π0q | H | η
′〉 is
G-parity violating, so we can take 〈π+π−π0q | H | η
′〉 ∼ 0.
Then Eqs. (12) and (13) indicate
〈π+π−π0 | H | η′〉
〈π+π−η | H | η′〉
= −δ. (14)
3So we can obtain the ratio of the decay branching frac-
tions
B(η′ → π+π−π0)
B(η′ → π+π−η)
=
∣∣∣∣ 〈π
+π−π0 | H | η′〉
〈π+π−η | H | η′〉
∣∣∣∣
2
φs(η
′ → π+π−π0)
φs(η′ → π+π−η)
= δ2
φs(η
′ → π+π−π0)
φs(η′ → π+π−η)
, (15)
where φs(η
′ → π+π−π0(η)) is the phase space volume of
the decay mode η′ → π+π−π0(η). The ratio of the phase
space can be calculated directly to be [20, 21]
φs(η
′ → π+π−π0)
φs(η′ → π+π−η)
= 17.0. (16)
The branching fraction of η′ → π+π−π0 has been mea-
sured by CLEO collaboration in 2008 [22] and BESIII
collaboration in 2012 and 2017 [23, 24]. The relative ra-
tio of B(η′ → π+π−π0)/B(η′ → π+π−η) was analyzed
based on the recent data of BESIII, and its value is de-
termined to be (8.8 ± 1.2)× 10−3 as in Ref. [25]. With
this ratio from experiment, and Eqs. (15) and (16), we
can obtain
δ2 = (5.18± 0.71)× 10−4. (17)
Next we shall go on to discuss the semileptonic decays
of D+s → π
0ℓ+νℓ and D
+
s → ηℓ
+νℓ. According to Eqs.
(8) and (9), both of these decays occur via the ηs com-
ponent in π0 and η at tree level. For semileptonic decay
of D+s to a pseudoscalar P , the hadronic matrix element
involved in the decay amplitude is
〈P (p2) | Vµ | Ds(p1)〉
= FDsP+ (q
2)(p1 + p2 −
m2Ds −m
2
P
q2
)µ
+FDsP0 (q
2)
m2Ds −m
2
P
q2
qµ, (18)
where q = p1 − p2, and p1,2 are the momenta of D
+
s and
P mesons, respectively. mDs and mP are the masses of
D+s and P , respectively. F
DsP
+ (q
2) is the so-called vector
form factor, and FDsP0 (q
2) the scalar form factor. To
avoid the divergence in the hadronic matrix element in
Eq. (18) as q2 → 0, there should be
FDsP+ (0) = F
DsP
0 (0). (19)
The differential decay width of a semileptonic decay
D+s → Pl
+ν can be calculated to be
dΓ
dq2
(D+s → Pℓ
+νℓ) =
G2F |Vcs|
2
24π3m2Dsq
4
(q2 −m2ℓ)
2|~pP |
×
[
(1 +
m2ℓ
2q2
)m2Ds |~pP |
2|FDsP+ (q
2)|2
+
3m2ℓ
8q2
(m2Ds −m
2
P )
2|FDsP0 (q
2)|2
]
, (20)
where ~pP is the momentum of the pseudoscalar P in the
rest frame of D+s meson. GF is the Fermi constant,
mℓ the lepton mass, and Vcs the Cabibbo-Kobayashi-
Maskawa (CKM) matrix element. For ℓ = e and µ, m2ℓ
can be neglected. Then
dΓ
dq2
(D+s → Pl
+ν) =
G2F
24π3
|Vcs|
2|FDsP+ (q
2)|2|~pP |
3. (21)
For the q2-dependent form factor FDsP+ (q
2), we consider
the modified pole model [26]
FDsP+ (q
2) =
FDsP+ (0)
(1− q
2
m2pole
)(1− α q
2
m2pole
)
, (22)
where α is a free parameter, and mpole is fixed to be the
mass of the vector state D∗+s . The BESIII collaboration
has measured the branching fraction of D+s → η
(′)e+νe
and the q2-dependent form factor FDsη
(′)
+ (q
2) [27]. The
parameter α was fitted for each decay mode. The value
of α for FDsη+ (q
2) is [27]
α = 0.304(44)(22). (23)
According to Eqs. (8) and (9), both the transition
matrix elements of 〈π0 | Vµ | D
+
s 〉 and 〈η | Vµ | D
+
s 〉 can
be related to 〈ηs | Vµ | D
+
s 〉 by the following relation
〈π0 | Vµ | D
+
s 〉 = δ sinφ〈ηs | Vµ | D
+
s 〉, (24)
〈η | Vµ | D
+
s 〉 = − sinφ〈ηs | Vµ | D
+
s 〉, (25)
because both the transitions of D+s → π
0 and D+s →
η occur through the component ss¯ mixed in π0 and η
mesons. Then we can get the relations between the form
factors
FDsπ+,0 (q
2) = δ sinφFDsηs+,0 (q
2), (26)
FDsη+,0 (q
2) = − sinφFDsηs+,0 (q
2). (27)
Comparing both sides of the above two equations, we
have the following relation
FDsπ+,0 (q
2)
FDsη+,0 (q
2)
= −δ. (28)
Note that the form factors only explicitly depend on q2,
not on the masses of the initial and final mesons.
Using the expression of the differential decay width in
Eq. (21) and considering the q2-dependent form factor
in Eq. (22), we can get the ratio
B(D+s → π
0e+νe)
B(D+s → ηe+νe)
= δ2 ×
∫ (mDs−mpi)2
0 dq
2|~pπ|
3/[(1− q
2
m2
D
∗+
s
)(1− α q
2
m2
D
∗+
s
)]2
∫ (mDs−mη)2
0 dq
2|~pη|3/[(1−
q2
m2
D
∗+
s
)(1− α q
2
m2
D
∗+
s
)]2
,
(29)
4where FDsπ+,0 (0)/F
Dsη
+,0 (0) = −δ is used according to Eq.
(28). Using Eqs. (29), (17) and the measured branch-
ing fraction by BESIII [27] B(D+s → ηe
+νe) = (2.323 ±
0.063±0, 063)%, we can obtain the branching fraction of
D+s → π
0e+νe decay
B(D+s → π
0e+νe) = (2.65± 0.38)× 10
−5, (30)
where the error mainly comes from the uncertainties of
the parameters α, δ2, and the error of the experimentally
measured branching fraction of D+s → ηe
+νe. The error
caused by the uncertainty of the parameter α is about
1.3%, while the error caused by the uncertainty of δ2 is
about 13.6%, and the uncertainty caused by the error of
the experimental value of B(D+s → ηe
+νe) is about 3.8%.
The error caused by the other sources is tiny which can
be ignored.
The prediction in Eq. (30) is based on the contribution
of π0 − η mixing scheme given in Eqs. (8) and (9), and
the possible weak annihilation contribution is neglected.
As analyzed before, the weak annihilation contribution
is doubly suppressed because it both violates isospin in-
variance and suppressed by the OZI rule. Therefore the
weak annihilation contribution must be small. So the
prediction or at least the order given in our prediction
in Eq. (30) is reliable. Therefore, measurement of the
branching fraction of D+s → π
0e+νe in experiment can
be used to test any sizable contribution from the weak
annihilation effect.
Next we shall go on to consider the decay of D+s →
π0τ+ντ , in which the mass of D
+
s is just slightly above
the threshold of π0τ+ production. It is suppressed by
both the small mixing amplitude of π0−η and the limited
phase space in the decay. In addition, the decay of D+s →
π0τ+ντ is the only kinematically allowed decay for the
charmed mesons. Therefore, it is interesting to know the
order of the decay rate of the process D+s → π
0τ+ντ .
According to Eq. (20), the decay width of D+s →
Pτ+ντ involves not only the form factor F
DsP
+ (q
2), but
also the form factor FDsP0 (q
2). The form factor FDsP0 (q
2)
can not be measured in experiment through the semilep-
tonic decay process of D+s → Pℓ
+νℓ. Since there is no
any information on the form factor FDsP0 (q
2) in experi-
ment up to now, we still use the modified pole model for
the q2-dependence of FDsP0 (q
2). Specifically, for P = π0,
the form factor FDsπ
0
0 (q
2) is taken as
FDsπ0 (q
2) =
FDsπ0 (0)
(1− q
2
m2pole
)(1 − β q
2
m2pole
)
, (31)
where mpole should be a state of cs¯ system with J
P =
0+, which can be taken as the mass of D∗s0(2317)
+,
mD∗s0(2317) = 2317.7 ± 0.6 MeV according to PDG [28],
and β is a free parameter.
Using Eqs. (20) and (21), we can obtain the ratio of the
branching fractions of the decay modes of D+s → π
0τ+ντ
and D+s → ηe
+νe
Br(D+s → π
0τ+ντ )
Br(D+s → ηe+νe)
= δ2
a
b
, (32)
with
a =
∫ (mDs−mτ )2
m2τ
dq2
(q2 −m2τ )
2
m2Dsq
4
|~pπ|
×

(1 + m2τ
2q2
)
m2Ds |~pP |
2
[(1 − q
2
m2
D
∗+
s
)(1− α q
2
m2
D
∗+
s
)]2
+
3m2τ
8q2
(m2Ds −m
2
π)
2
[(1 − q
2
m2
D∗
s0
(2317)
)(1 − β q
2
m2
D∗
s0
(2317)
)]2

(33)
and
b =
∫ (mDs−mη)2
0
dq2
|~pη|
3
[(1− q
2
m2
D
∗+
s
)(1− α q
2
m2
D
∗+
s
)]2
(34)
Here in deriving Eq. (32), FDsπ+ (0) = F
Dsπ
0 (0) and
FDsπ+ (0)/F
Dsη
+ (0) = −δ have been used. Since there is
no any information on β in experiment yet, β is treated
as a free parameter in this work. As an illustration, the
branching fraction of D+s → π
0τ+ντ varying with the
parameter β is depicted in Fig. 1 according to Eq. (32),
where all the other parameters are input with their cen-
tral values.
0.0 0.2 0.4 0.6 0.8
0
2
4
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(×10−9)
B
r
(D
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→
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ν
τ
β
FIG. 1. The branching fraction of D+s → π
0τ+ντ varying
with the parameter β, where the other parameter α and the
branching fraction of D+s → ηe
+νe are input from the centeral
values of experimental measured results.
It can be known from Fig.1 that the order of the
branching fraction of D+s → π
0τ+ντ is about 10
−9. If
one assumes that the parameter β is approximately the
same order as α, say β can be 0.2∼0.4, then the branch-
ing fraction of D+s → π
0τ+ντ will be (2.7 ∼ 3.6)× 10
−9.
According to the future physics program at BESIII,
about 6 fb−1 integrated luminosity will be collected
at the center-of-mass energy of 4180 MeV at BEPCII
5[29, 30]. For our predicted branching fraction of B(D+s →
π0e+νe) = (2.65 ± 0.38) × 10
−5, about a few signal
events are expected to be reconstructed at BESIII ex-
periment based on the double-tag technique [31]. We
also hope that significant signal will be observed at Belle-
II experiment [32] and the future super-tau-charm fac-
tory [33] and , which will collect about 100 times the
amount of the current data set at BESIII. As for the de-
cay of D+s → π
0τ+ντ , the decay rate is predicted to be
(2.7 ∼ 3.6)× 10−9, and is not yet experimentally observ-
able.
In summary, we study the mixing of π0 − η − η′ −
Gluonium and the mixing scheme is given in a unified
way. Then the branching fractions of D+s → π
0e+νe
is predicted to be B(D+s → π
0e+νe) = (2.65 ± 0.38) ×
10−5, which can be searched for at the BESIII experiment
and will be important observable at the future super-tau-
charm factory. It will be interesting to search for the
decay D+s → π
0e+νe, in order to understand the decay
dynamics, namely to validate the π0−η mixing effect and
the weak annihilation contribution. We also estimate the
order of the branching fraction of D+s → π
0τ+ντ decay,
which is about (2.7 ∼ 3.6)×10−9. This is the only allowed
semi-tauonic decay mode in the charm sector.
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